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Abstract. In this paper we extend the geometric formaUsm of the Haniilton- 
Jacobi theory for time dependent Mechanics to the case of classical field the- 
ories in the fe-cosymplectic framework. 
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en ■ 1. Introduction 

(<— ^ \ The usefulness of Hamilton- Jacobi theory in Classical Mechanics is well-known, 

ff^ ■ giving an alternative procedure to study and, in some cases, to solve the evolution 

equations [T] . The use of symplectic geometry in the study of Classical Mechanics 
has permitted to connect the Hamilton- Jacobi theory with the theory of Lagrangian 
submanifolds and generating functions [Z\. 

At the beginning of the 1900s an analog of Hamilton- Jacobi equation for field 
C^ . theory has been developed 29^ , but it has not been proved to be as powerful as the 

theory which is available for mechanics [H [51 [551 UHl UHl [30] • 

There are several recent attempts to extend the Hamilton- Jacobi theory for clas- 
sical field theories in a geometrical setting. For instance in the framework of the 
so-called multisymplectic formalism [T31 [151 US] (see also [51 [TT] for a general de- 
scription of the multisymplectic setting) or in the /c-symplectic formalism in [16) 
(see [m [37] for a discussion of the relationship between both formulations, see also 
[TU]1. Our method is based in that developed by J.F. Carinena et al. for Classical 
Mechanics [3 [8] (see also [13 [H]). 

In the context of Classical Field Theories, the Hamiltonian is a function H = 
H{x°',q^,pf), where (a;") are coordinates in the space-time, (g') represent the field 
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coordinates and (pf ) are the conjugate momenta. In this context, the Hamilton- 
Jacobi equation is [IS] 

H(x^,q\^)=0 (1.1) 



where W^\ . . . , VF'= : R'= x Q ^ M. 

The aim of this paper is to extend the Hamilton- Jacobi theory to field theories 
just in the context of /c-cosymplectic manifolds J^.20j.21j. The "dynamics" for a 
given Hamiltonian function H is interpreted as a family of vector fields (a fc- vector 
field) on the phase space R*"' x {T^)*Q (or in general on a fc-cosymplectic manifold 
(M,77",w",1/)). 

The paper is structured as follows. In Sec. [2j we recall the notion of /c-vector 
field and their integral sections and give a briefly description of the /c-cosymplectic 
formalism. In Sec. [3]we discuss the Hamilton- Jacobi equation in the A;-cosyinplectic 
context. Finally, an example is discussed in Sec. El with the aim to show how the 
method works. 

We shall also adopt the convention that a repeated index implies summation over 
the range of the index, but, in some cases, to avoid confusions we will explicitly 
include the summation symbol. 

2. The fc-COSYMPLECTIC FORMALISM 

The /c-cosymplectic formalisms [19l [21] is one of the simplest geometric frame- 
works for describing first order classical field theories (see [2] for the A:-symplectic 
case). It is the generalization to field theories of the standard cosymplectic for- 
malism for nonautonomous mechanics and it describes field theories involving the 
space-time coordinates on the Lagrangian and on the Hamiltonian cases. The foun- 
dations of the fc-cosymplectic formalism are the k-cosymplectic manifolds. In this 
section we briefiy recall this formalism. 

2.1. Geometric preliminaries: k-vector fields and integral sections. In 

this section we briefly recall some well-known facts about tangent bundles of k^- 
velocities (we refer the reader to [HI JUlJll [13 HI [H] for more details). 

Let TM ■■ TM — !> M be the tangent bundle of M. Let us denote by T^M the 
Whitney sum TM® .^ . ®TM of fc copies of TM, with projection r : T^M — s- M, 
T{vip, . . . , Vkp) = p, where Vap € TpM, 1 < a < k. T^M can be identified with the 
manifold Jg (M*^, M) of the fc^-velocities of Af , that is, 1-jets of maps 77 : M!' — > M 
with source at € E'^, say 

JqI (R*^ , M) = TM® . ^ . ®TM 
Jo,pV = (wip,...,-yfcp) 

d 
where x — 77(0), and Vap — Tri{0){— — ). Here (x^, . . . ,x'^) denote the standard 

coordinates on M'". T^M is called the tangent bundle of k^ -velocities of Af or simply 
fc-tangent bundle for short, see [53]. 

Denote by (x*,u*) the fibred coordinates in TM from local coordinates (x*) on 
Af. Then we have fibred coordinates (a;*,t;„), 1 < z < to, 1 < a < fc, on T^M, 
where to = dim M . 

Definition 2.1. A section X : M — > TJ.M of the projection t will he called a 
fc- vector field on M . 
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Since TlM is the Whitney sum TM® -^ ■ ®TM of k copies of TM, we deduce 
given a fc-vector field X is equivalent to giving a family of k vector fields Xi , . . . , Xk 
on M by projecting X onto each factor. For this reason we will denote a /c-vector 
field by (Xi,...,Xfe). 

Definition 2.2. An integral section of the k -vector field X = {Xi, . . . , Xk), passing 
through a point p E M, is a map tp'- C/q C M*^ — > M , defined on some neighborhood 
Uq o/ e M*" , such that 

V'(O) =p, TtP i-Q^\j = X^{rp{x)), for every x e C/q, f < a < A: 

or, equivalently, ip satisfies that X o t/j = ip , being ip^^> is the first prolongation 
of ip to T^M defined by 

V'(^) : UqCR'' — > TlM 

where ipxis) ^ tpix + s). 

A k-vector field X = {Xi, . . . ,Xk) on M is said to be integrable if there is an 
integral section passing through every point of M . 

In local coordinates, we have 



i^^'\x\...,x'^)^(^r(x\...,x%^{x\...,x'^)y 



(2.1) 



and then ip is an integral section of {Xi, . . . , Xk) if and only if the following equa- 
tions hold: 

-— ^ X''oih l<a<k, l<i<m, (2.2) 

being X„ = X^ — . 

Notice that, in case k — I, Definition 12 . 21 coincides with the definition of integral 
curve of a vector field. 



2.2. fc-cosymplectic manifolds. Let Q be a differentiable manifold, dimQ — n, 
and TT : T*Q -^ Q its cotangent bundle. Denote by iTl)*Q = T*Q® .^ . ®T*Q, the 
Whitney sum of k copies oi T*Q. The manifold {T^)*Q can be identified with the 
manifold J^{Q, K'^)o of 1-jets of mappings from Q to M'^ with target at G M'^, the 
diffeomorphism is given by 

J^{Q,R% = T*Q®.';.®T*Q 
iq.oo- = ida^{q),...,da''{q)) , 

where cr" = tt" o cr : Q — > M is the a"' component of a, and tt" : R*^ -^ R is the 
canonical projection onto the a'^ component, for a — f, . . . ,fc. {Tl)*Q is called 
the cotangent bundle of k^ -covelocities of the manifold Q. 

The manifold J^ttq of 1-jets of sections of the trivial bundle ttq : R*"' x Q ^- Q 
is diffeomorphic to M*^ x {Tl)*Q, via the diffeomorphism given by 

J^TTQ ^ Rfc X {Tl)*Q 
3l<f>^ 3l{<f>R'',IdQ) K^ ((/)Rfc (9), :/!,..., z/^ ) , 

where ^r^ : Q ^ M'' x Q '^^ R'^, and ly" = dcp^^, (q), 1 < a < k. 
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Throughout the paper, we use the foUowing notation for the canonical projections 




where 

TrQ{x,q) = q, {TTQ)i,o{x,iyl, . . . ,iy^) = {x,q), {ttq)i{x,i^I, . . . ,iy^) ^ q , 

with a; e M^ g e and (j/,\ . . . , ly^) € {T^yQ. 

If (g') are local coordinates on [/ C Q, then the induced local coordinates (q^pi), 
1 < i < n, on (r^)"^(C/) = T*U C r*Q, are given by 

d 



<f{Vq) = I'll), Pii^q) = ^q 



dq' 



with i/q £ T*Q, and the induced local coordinates {x",q'^,pf) on [(ttq)!] ^{U) 
E.'' X {T^yU are given by 

a;"(x, fl,..., v\) = x", q^(a;, i/^, . . . , v\) = q\q), f^{x, v\,..., v\) = z/^" (a^| J 

for 1 < i < n and 1 < a < fc. 

On R*^ X {T^YQ, we consider the differential forms 

ry" = da;" = (71^*^2; , 61" = {ir^yd , w" = «)*w , 



X (T^yi 



and TT^ 



X [TiyQ -^ T*Q are the projections 

k\ 



where 7rf 
defined by 

<(a;, i.1, . . . , i^,^) = a;", ^2"(a;, z.^, . . . , j^^') = < , 

w = — (i0 = dq^ A dpi is the canonical symplectic form on T*Q and 9 — Pi dq^ is the 
Liouville 1-form onT*Q. Obviously oj" — —dO"". 

In local coordinates we have 



V 



dx", 9" 



pfdq\ w" = dq* A dp^ 



(2.3) 



Moreover, let 



fc-((-Q)iA-(^,---,^ 



y = fcer ((7ro)i.n), =( -:^,...,— 7-) (2.4) 

2— l,...,n 

be the vertical distribution of the bundle (7rQ)i,o : K'' x {T^yQ -> R'' x Q. 

A simple inspection of the expressions in local coordinates, (j2.3p and (|2.4p show 
that the forms 77" and uj" are closed, and the following relations hold 

(i) 77I A • • • A r,>^ ^ 0, (r,")|v = 0, (w")|yxV = 0, 
(ii) (n^^iker?7")n(nj^^ikerw") = {0}, dim(n^^i kerw") = fc, 

Inspired by the above geometrical model we introduce the following (see [H]), 

Definition 2.3. Let M be a differentiable manifold of dimension k{n + 1) + n. A 
fc-cosymplectic structure on M is a family {ri°',Lu", V;l < a < k), where each rj" is 
a closed 1-form,, each uj°' is a closed 2-form and V is an integrahle nk- dimensional 
distribution on Ad satisfying (i) and {ii). M is said to be a fc-cosymplectic manifold. 



The following theorem has been proved in 
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Theorem 2.4 (Darboux theorem). // M is a k -cosymplectic manifold, then 
around each point of M there exist local coordinates ix'^^q^^p'^] ^ ^ ol < k,l < i < 
n) such that 

d_ _d_ 



77" = da;", cu'^^dq'Adpf, V={—^,...,^^ 



These coordinates will be called Darboux coordinates. The canonical model for 
these geometrical structures is {R^ x {T^)*Q,r]°',u!°',V). 

2.3. fc-cosymplectic Hamiltonian field theory. In this section we introduce the 
fc-cosymplectic description of the Hamilton-De Bonder- Weyl equations 






dH 



k 



d^f 



a— i 



dH 






where locally '4'{x) — [x, ip'^ix), f/'f (a;)). This approach was firstly introduced by M. 
de Leon et al. [H] . We will consider the general case on an arbitrary /c-cosymplectic 
manifold M but everything can be particularize for the case of M = R*^ x {T^)*Q. 

Definition 2.5. Let {M,r]°',uj",V) be a k- cosymplectic manifold and H : M —>■ 
R be a Hamiltonian function. The family (M , rj" , lo" , H) is called fc-cosymplectic 
Hamiltonian system. 

Theorem 2.6. Let {M , rj"' , io°' , H) a k- cosymplectic Hamiltonian system and X — 
(Xi, . . . ,Xfc) a k-vector field on M solution to the system of equations 

T^'-{Xp)=S^, l<a,/3<fc 

k k /2 6) 

a — 1 a— 1 

where Ri, . . . , Rk are the Reeb vector fields associated with the k- cosymplectic struc- 
ture on M which are characterized by the conditions 

Lf %l} : R''" — > Af, ij^ix) — {x" , ifj'^ (x) , i/jf^ (x)) is an integral section of the k-vector 
field X , then ip is a solution of the Hamilton-De Donder-Weyl equations i2.5\) . 



Proof. Let X ~ {Xi, . . . ,Xk) be a fc-vector on M solution to (j2.6p . In Darboux 
coordinates each component Xa of the fc-vector field X = {Xi, . . . ,Xk) has the 
following local expression 



Now, since 



and 



dH = —dx" + —da' -K —dp" 
7y" = da;", c^" = dg^ A dp^ ^^ ^ q^ 



with 1 < a < fc, we deduce that equation (|2.6p is locally equivalent to the following 
local equations 



dH ,„ ... dH ^ 



i^o^h-S^^, jr^-iX^y, 7r- = -E(^")"- (2-7) 



dpf ' dq 
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Let US suppose now that X = [Xi , . . . , Xk ) is integrable and 
Tp: M*-^ -^ M 

X H-> '(/'(a;) = (a;",?A'(a:),'(/'f (2:)) 
is an integral section of X then (see (12. 2^ ) 

{X^)po^^5t ^^{X^yo^, |^ = (x„)foV.. (2.8) 

Therefore, from (j2.7p and p.Sp we obtain that 'ip{x) — {x , ip^ (x) , ipf- (x)) is a 
solution of the following equations 



dH 

97 



■4>{x) ^ (9a;" 



E 



di>t 



Q = l 



9^ 






where 1 < i < n and 1 < a < fc, that is, -0 is a solution to the Hamilton-De 
Bonder- Weyl equations (12. 5p . D 

Consequently, the equations (|2.6p can be considered as a geometric version of the 
Hamilton-De Bonder- Weyl field equations. From now, we will call these equations 
(12. 6p as fc-cosymplectic Hamiltonian equations. 

Definition 2.7. A k-vector field X — {Xi, . . . ,Xk) is called a fc-cosymplectic 
Hamiltonian fc-vector field for a k-cosymplectic Hamiltonian system {M , rj°' , lo°' , 
H) if X is a solution of V2.6]) . We denote by X^(Af) the set of k-vector fields 
which are solution of 



Remark 2.8. We will discuss here about the existence and uniqueness of solutions 
of equations (12.61) . 

First of all, we shall prove the existence of geometric solutions. 

Let (M, 77",a;", V) be a fc-cosymplectic manifold; then, we can define the vector 
bundle morphism 

w" : T^M — > T*M 

^ (2 9) 

(Xi,...,Xfe) ^ ;^ix„^"+ry"(X„)77". 

a=l 

and, denoting by Mfc(C°°(M)) the space of matrices of order k whose entries are 
functions on Af , we also have the vector bundle morphism 

rf : TlM — > Mfc(C°°(M)) 

Ik u V ;; ^2.10) 

(Xi,...,Xfc) ^ r^\X^,...,Xk)^{r{Xp)). 



From the local conditions (|2.7p we can define in a neighborhood of each point 
a; G M a fc-vector field that satisfies (12. 6p . For example we can put 



f)T-f f)M 

{X^)0 = 5i , {X^)\ = — , {XJI = for a ^ 1 ^ /3 , [X^Y = — . 

Now one can construct a global fc-vector field, which is a solution of (|2.6I) . by using 
a partition of unity in the manifold M (see [THl [H] for more details) . 

It should be noticed that, in general, equations (|2.6p do not have a unique solu- 
tion. In fact, the solutions of (|2.6p are given by (Xi, . . . , Xk) + (ker w" n ker 77") for 
a particular solution (Xi, . . . , Xk). 
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Let US observe that given a fc- vector field Y = {Yi, . . . ,Yk) tire condition Y € 
ker w" n ker 77' is locally equivalent to 

fc 
(1»„ = 0, Y/,=Q, ^(r„)^=0. (2.11) 



Remark 2.9. In the case k = 1 with M = M x T*Q the equations (j2.6p reduces 
to the equations of the non- autonomous Hamiltonian Mechanics. o 

3. The Hamilton- Jacobi equation 

There are several attempts to extend the Hamilton- Jacobi theory for classical 
field theories. In [TH] we have described this theory in the framework of the so-called 
A:-symplectic formalism [2j |9l [171 HI] ■ In this section we consider the fc-cosymplectic 
framework. Another attempts in the framework of the multisymplectic formalism 
[i [U have been discussed in [Til [^ [^. 

Along this section we only consider Hamiltonian systems defined on the phase- 
space R'' X (T^)*Q. 

In Classical Field Theory the Hamilton-Jacobi equation is [29] 

dW^ . ^/ . , dW" 
H\x' 



(.'„•, ^)^o M 



dx^ \ '^ ' dqi 

where W'^ , . . . ,W^ ■.M!' y. Q ^M.. 

The classical statement of time-dependent Hamilton-Jacobi equation for analyt- 
ical mechanics is the following T: 

Theorem 3.1. Let H : R x T*Q -^ R be a Hamiltonian and T*Q the symplectic 
manifold with the canonical symplectic structure lo = —dO. Let Xh^ be a Hamil- 
tonian vector field on T*Q associated to the Hamiltonian Ht'. T*Q — > R, Htiiyq) = 
H(t,Vq), and W:Ry. Q -^R be a smooth function. The following two conditions 
are equivalent: 

(i) for every curve c in Q satisfying 

c'{t) = {^).,(xHAdWMm) 

the curve t i~> dWt{c{t)) is an integral curve of X^t, where Wt'- Q — >■ 
R,Wtiq) = W{t,q). 
(ii) W satisfies the Hamilton-Jacobi equation 

■ dW dW 
H(x, q^, -7r~) "I — Tr~ — constant on T*Q 
oq^ at 

that is, 

dW 
HtodWt + -g^^ K{t) . 

In this section we introduce a geometric version of the Hamilton-Jacobi theory 
based in the fc-cosymplectic formalism. In the particular case fc = 1 we recover the 
above Theorem 13. ll for the time-dependent classical mechanics. 

For each x = (x^, . . . , a;*^) e K.''' we consider the following mappings 

i,: Q ^ M'^xQ J,: {Tl)*Q -^ M'= x (T^i)*Q 

and 
q ^ {x,q) {vl,...,v^) ^ {x,^^,...,^^) 
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Let 7 : K*^ x Q — >• M*^ x {T^)*Q be a section of (7rQ)i,o- Let us observe that given a 
section 7 is equivalent to giving a mapping 7 : M*-' x Q ^- [Tl)*Q. If fact, given 7 we 
define 7 = #2 o 7 where 7f2 is the canonical projection 7f2 : M*^ x {T^)*Q -^ {T^)*Q; 
conversely, given 7 we define 7 as the composition ^{x,q) = {jx oj)[x,q). Now, 
since {T^)*Q is the Whitney sum of k copies of the cotangent bundle, to give 7 is 
equivalent to give a family (7^, . . . , t"*"') of 1-forms along the map ttq : M.'^ x Q —^ Q . 

If we consider local coordinates (x",g*,pf) we have the following local expres- 
sions: 

7(x",g^) = (g',7f(a^",gO), (3-2) 

T{x,q) ^jf{x,q)dqi{q). 

Moreover, along this section we suppose that each 7" satisfies that its exterior 
differential ^7" vanishes over two TTjjfc -vertical vector fields. In local coordinates, 
using the local expressions (|3.2p . this condition implies that 

dqi dq^ 



(3.3) 



Now, let Z = (Zi, . . . , Zk) be a A:- vector field on M*^ x {T^)*Q. Using 7 we can 
construct a fc- vector field Z"' — {Zj, . . . , Zj) on M.'^ x Q such that the following 
diagram is commutative 



' X [T^rQ . 




■T,i(M^-x(r,i)*g) 



(•^q)i.o 



that is. 



Z'^ ■=Tk{TTQ)l,0O Z o-y 



T'fc('^Q)i,o 



■T^iR'^xQ) 



Let us recall that for an arbitrary differentiable map f : M —)' N, the induced 
map T^f ; T^M -^ T^N of / is defined by 



Tkf{vix,---,Vkx) = {f*{x){vix), . ■ . , f*{x){vkx)) , 

where vi^, ■ ■ ■ , Vkx € T^M, x e M 

Let us observe that if Z is integrable then Z^ is also integrable. 
In local coordinates, if each Z^ is locally given by 



(3.4) 



d 



d 



(^")^^ + ^a^TT + (^")i TTs 






then Z2. has the following local expression: 



^2 = ((^.)^o7)A + (z>7)|- 



(3.5) 



In particular, if we consider the fc-vector field R = {Rl^ ■ ■ ■ , Rk) given by the 
Reeb vector fields, we obtain, by a similar procedure, a fc- vector field (i?7, ■ ■ ■ , ^1) 
on R*^ X Q. In local coordinates, since Ra = ^/dx° we have 

d 



Rl = 



dx° 
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Next, we consider a Hamiltonian function H : KJ' x {T^)*Q 



K, and the 
corresponding Hamiltonian system on R'^ x {T^)*Q. Notice that if Z satisfies the 



Hamihon-De Bonder- Weyl equations (j2.6p . then we have 

Theorem 3.2 (Hamilton-Jacobi theorem). Let Z e X^(R'= x {T^)*Q) be a k- 



vector field solution to the k-cosymplectic Hamiltonian equation 



and 7: 



Q — )> M.'' X {T^)*Q be a section of [110)1^ with the property described above. If Z is 
integrable then the following statements are equivalent: 

(i) // a section ijj : U C R'' ^>- M'"' x Q of n^k : M''' x Q ^ K''" is an integral 
section of Z'^ then ^ o ip is a solution of the Hamilton-De Bonder- Weyl 
equations h2.5\) : 
(ii) [nQ)*[d{H o 7 o i^)] + J2^ tji^JT = for any x G R^ 



Proof. Let us suppose that a section ip: [/ C K''" — > R*^ x Q is an integral section of 
Z'' . In local coordinates that means that if iIj{x) = {x"" , i// (x)) , then 

[(Z^), o 7](V.(.t)) = 6^,, {Zl o 7)(^>(.x)) = 1^ . 

Now by hypothesis, 70^: C/ c R*^ ^- R''' x {T^)*Q is a solution of the Hamilton- 
De Bonder- Weyl equation for H. In local coordinates, if ip{x) — {x , t/;'^ (x)) , then 
7 o ^{x) = {x, 'ip^{x),j"{ip{x))) and as it is a solution of the Hamilton-Be Bonder- 
Weyl equations for H, we have 






dH 

dpf 



-yiitix)) 



and 2. 



dhr ° ^) 



dx°' 



dH 



7(1/1(3;)) 



Now, if we compute the differential of the function iJ o 7 o i^. : Q 
that: 



{7TQr[d{Hojoi^)]+j:^t^.jr 



dH 



dq 



- o 7 o ij, + 



dH 

dp". 



0701^ 



M„,,) + (|l„.,||„. 



(3^6) 

we obtain 

(3.7) 



Therefore from (13.31) , (13.61) and (13.71) and taking into account that one can write 
^(x) = {ix o ttq o iI])[x), where ttq : R'' x Q — > Q is the canonical projection, we 
obtain 



{{TlQY[d{H O 7 O Ix)] + Y.C. ^RldT){^Q O V(X)) 



dH 

dq^ 



dH 

-rii^ix)) dpf 



djl 

-tmx)) dq;' 



i>{x) dx°' 



i>{x) 



dq\-KQ o'iIj{x)) 



E 

Q = l 

k 

E 



9(7f o ^) 



dx°' 



dx°' 



d^p^ 
dx'^ 

dip^ 



dji 

x dq' 

dji 

X dqi 



ip(x) dx°' 
xp(x) dx°' 



%Ij(x) 



i>{x) 



dq'{'KQO^{x)) 



dq\-KQ o ^l){x)) 



0. 



As we have mentioned above, since Z is integrable, the fc- vector field Z^ is also 
integrable, and then for each point (x, q) G R'^ x Q we have an integral section 
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tp : U d R'^ -^ R'' X Q oi Z'^ passing trough this point. Therefore, for any x e M'"', 
we get 

(7rQ)*[d(i7o7oz,)]+^z^2^7« = 0. 



Conversely, let us suppose that {TTQ)*[d{H 070 i^)] + J^a ^Rldj" — and take 
tp an integral section of Z''. We now will prove that 7 o -0 is a solution to the 
Hamilton-De Bonder- Weyl field equations for H. 

Since {7rQ)*[d{H 070 i^.)] + J^a *ii:^^7" ^ from (|3.7p we obtain 



dH dH ' 

From (j2.7p and (|3.5p we know that 



97" . \ fd^f . 






(3.8) 



(3.9) 



and then since ipix, q) — {x, 'ip^{x, q)) is an integral section of Z'^ we deduce that 



d^p' 



dH 



dx°' dpf ' ^ 
On the other hand, from ((33t . (|3^ and (|3TT0)) we get 



(3.10) 



9(7f o V^) 



5a;° 



E 

y-/57f 

Q — 1 \ 

^ \ dx°' 



dx° 



il)(x) 



^p(x) 



Q=l 

dqi 



tpix) dq^ 



i>{x) dx"' 



dH 

^{x)d^ 

dH 

i,(x) dpf 



7('/'(a:)) , 



lii'ix}) 



dH 

dq'- 



7(i'{x)) 



and thus we have proved that 7 o -0 is a solution to the Hamilton-de Donder-Weyl 
equations. D 

Theorem 3.3. Let Z G X^(]R'^ x {T^)*Q) be a k-vector field solution to the k- 
cosymplectic Hamiltonian equation i2.6]) and 7: M'^ x Q — >■ M.^ x {T^)*Q be a section 
of {'KQ)ifl satisfying the same conditions of the above theorem. Then, the following 
statements are equivalent: 

(i) Z\jrn-^ — T^j{Z'') e keroj'* n keryy', being w' and rf the vector bundle 

morphism defined in Remark \2.8[ 
(ii) (7rQ)*[d(i/o7oj,)]+^^z^2d7"=0. 



Proof. A direct computation shows that Za\imj — T^{Z'^) has the following local 
expression 

d 



57^ 97^' 



Thus from (piTj) we know that Z\i,n-y - T^liZ'^) e kerw" n ker?7» if and only if 



^^ , 9-7" 

E (^")i°7-^-(^>7) 



a=l 



.97° 
dq' 



0. 



(3.11) 



Now we are ready to prove the result. 
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Assume that (i) holds, then from (|2.7p . p. 31) and p. lip we obtain 

dx° 



0= E (^")"°7-75r-(^>7)7^ 



dqj ° 7j + ^" 9a;a + l^Qpa ° "Tj 5gj 

Therefore (7rQ)*[d(iJ 070 i^)] + Zj^Tdo-" = (see (PT| ). 

The converse is proved in a similar way by reversing the arguments. D 

Corollary 3.4. Let Z e X^(]R'= x {Tl)*Q) be a solution of ^^^ and •y : R'' x Q ^ 

M.'' X {T^)*Q be a section of {ttq) 1^0 as in the above theorem. If Z is integrable then 
the following statements are equivalent: 

(i) Z\i^^ - T^j{Z^) e kerw» n ker r;«; 
(ii) i7TQ)*[d{H o 7 o ^,)] + J:^ t^.dr = 0; 
(iii) // a section Tp : U C M.'' ^ M.'^ x Q of Trjjfc : M.'^ x Q —^ M.'' is an integral 

section of Z^ then j o ^p is a solution of the Hamilton-De Bonder- Weyl 

equations 



Let us observe that there exist k local functions W" such that 7" — dW" being 
W^ the function defined by W^{q) = W"'{x,q). Thus 7f = dW/gq^ (see [H]). 
Therefore, the condition 



(7rQ)*[d(Fo7oi,)]+^z^2'^7« = 



can be equivalently written as 



The above expressions mean that 

dW"" ,,, « , dW, ^^, g, 
^^ + ^(^''^'^ = ^(^') 

so that if we put H = H — K we deduce the standard form of the Hamilton- Jacobi 
equation (since H and H give the same Hamilton-De Bonder- Weyl equations). 

Therefore the equation 

{7rQ)*[diH o 7 o I,)] + J2 ^B-JT = (3.13) 

a 

can be considered as a geometric version of the Hamilton- Jacobi equation for k- 
cosymplectic field theories. 

4. An example 

In this section we will apply our method to a particular example in classical field 
theories. 

The equation of a scalar field </> (for instance the gravitational field) which acts 
on the 4-dimensional space-time is (see |TT]): 

{n + m^)<P^F'{<P), (4.1) 
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where m is the mass of the particle over which the fields acts, i^ is a scalar function 

such that F{(f>) m^0^ is the potential energy of the particle of mass m, and D 

is the Laplace-Beltrami operator given by 

idajs) being a pscudo-Riemannian metric tensor in the 4-dimensional space-time of 
signature ( — h ++), and y/—g = ^/~detg^. 
We consider the Lagrangian 

where q denotes the scalar field cj) and Va the partial derivative <}'t>/dx°'. Then the 
equation (|4.ip is just the Euler-Lagrange equation associated to L. 

Consider the Hamiltonian function H e e°°(IR'' x (T|)*M) given by 

H{x\x^,x^x\q,p\p^,p\p^) = -^5„0pV - y=5 (^(g) - ^™V) , 

where (a;^,x^,x^, a;"*) are the coordinates on M'*, q denotes the scalar field (j> and 
{x^jX^jX^jX'^jq^p^jP^jP^jP'^) the canonical coordinates on R'' x {Tl)*M.. Let us 
recall that this Hamiltonian function can be obtained from the Lagrangian L just 
using the Legendre transformation defined in [21, 22 . 

Then 

-^--V-9{F'iq)-m^), ^.--r=9.,/- (4.2) 



The Hamilton- Jacobi equation becomes 

-9 dq 



5(f.(„,,„»,)+ -,.^ + _2_=„. (4.3) 



Since our main goal is to show how the method developed in Section 3 works, 
we will consider, for simplicity, the following particular case: 

F{q) = ^m'^q^, 

being (ga/s) the Minkowski metric on R*, i.e. (^q/s) = diag{—l, 1, 1, 1). 



Let 7: R'' ^- R'^ X (ri)*R be the section of (7rR)i,o defined by the family of 4 



1-forms along of 



r = Ic^q^dq 



with 1 < a < 4 and where Ca are four constants such that Cf = C2 + C^ + C^- 
This section 7 satisfies the Hamilton- Jacobi equation (|4.3p that in this particular 
case is given by 

therefore, the condition {ii) of the Theorem 13.21 holds. 

The 4- vector field Z'' = {Zj , Z],Z^,Z2) is locally given by 

r,! _ d 1^ 2 5 77- ^ , V«2 ^ 

^'-d^'2^"^d~q' ^"-a^+2^'^'^ 9^' 

with a = 2, 3, 4. The map V : K"* ^ K"* x R defined by 

2 

yj[X ,X ,X ,X ) = — -. -;; ^ — ^ — . , O G R , 
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is an integral section of the 4- vector field Z'^ . 

By Theorem 13.21 one obtains that the map ip — ^ o ip^ locally given by 

is a solution of the Hamilton-De Bonder- Weyl equations associated to H , that is, 

d 



- El;{lo.*1 



a=\ 






\Cai^^ = ^. a = 2,3,4. 



dx"- 

Let us observe that these equations imply that the scalar field V' is a solution to 
the 3-dimensional wave equation. 

In this particular example the functions W" are given by 

1 



Wix,q) = ^C^q'' + h{x)., 



where h e G°°( 



In [5S1 EI] , the authors describe an alternative method that can be compared 
with the above one. 

First, we consider the set of functions W" :M*xM— >M, l<a<4 defined by 

where is a solution to the Euler-Lagrange equation (|4.ip . Using these functions 
we can consider a section 7 of (7rR)i^o : ^'^ x (T^ )*R — > M"* x K with components 



By a direct computation we obtain that this section 7 is a solution to the 
Hamilton- Jacobi equation p. 131) . 

Now from (|3.9p and (|4.2p we obtain the 4-vector field Z"^ is given by 

" ax" dx'- dq ^ ' 

Let us observe that Z'^ is an integrable 4-vector field on M** x M. Using the 
Hamilton- Jacobi theorem we obtain that a — [id^i , 0) : R"' ^- K"' x M is an integral 
section of the 4-vector field Z'' defined by (|4.4p . then 7 o cr is a solution of the 
Hamilton-De Donder Weyl equation associated with the Hamiltonian of the massive 
scalar field. 

If we now consider the particular case F{q) = m^q^, we obtain the Klein-Gordon 
equation; this is just the case discussed in [53]. 
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